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A FAST �1-TV ALGORITHM FOR IMAGE RESTORATION∗

XIAOXIA GUO† , FANG LI‡ , AND MICHAEL K. NG§

Abstract. Image restoration problems are often solved by finding the minimizer of a suitable
objective function consisting of a data-fitting term and a regularization term. In this paper, we
consider the data-fitting term measured in the �1 norm to handle non-Gaussian additive noise and
the regularization term given by the total variation (TV) to restore image edges. We propose a
new algorithm for this image restoration problem by making use of new variables to modify the
data-fitting term and the TV regularization term. An alternating minimization method based on
the new formulation is employed to restore blurred and noisy images. Our experimental results show
that the quality of restored images by the proposed method is competitive with those restored by
the other tested methods. We also show the convergence of the alternating minimization algorithm
and demonstrate that the proposed algorithm is very efficient.

Key words. iterative algorithm, image restoration, deblurring, denoising, l1 norm, total
variation
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1. Introduction. The problem of image restoration is considered. The observed
image is the convolution of a shift invariant blurring function with the true image plus
some additive noise. Let f(x, y) be the original scene, g(x, y) the observed scene, and
h(x, y) the blurring function. The image formation process can be modeled as follows:

g(x, y) = h(x, y) � f(x, y) + n(x, y).

Here n(x, y) is the additive noise and � denotes two-dimensional convolution. Let f, g,
and n be the discretized original scene, observed scene, and additive noise, respec-
tively. Let H be the corresponding blurring matrix of appropriate size built according
the discretized point spread h. Then the discretized image formation process can be
put into matrix-vector form:

g = Hf + n.(1.1)

Assuming that the discretized scenes have N ×N pixels, then f , g, and n are vectors
of length N2, and H is a matrix of N2 × N2. We remark that H is a matrix of
block Toeplitz with Toeplitz blocks when zero boundary conditions are applied and
block Toeplitz-plus-Hankel with Toeplitz-plus-Hankel blocks when Neumann bound-
ary conditions are used [24].
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Image restoration problems tend to be very ill-conditioned. Directly solving (1.1)
will yield a solution that is extremely sensitive to noise; therefore, regularization
methods are needed to stabilize the solution. For example, the linear least squares
problem with Tikhonov’s regularization [31] takes the following form:

min
f

{
‖g − Hf‖2

2 + α‖Rf‖2
2

}
.(1.2)

In this optimization problem, the second term is a regularization term that mea-
sures the “irregularity” of the solution. We call R the regularization operator and
α the regularization parameter. Very often R is chosen to be the difference opera-
tor, for example, the first order or second order finite difference operator. In [24],
Ng, Chan, and Tang have designed a fast algorithm for solving (1.2) based on fast
cosine transforms. We note in this case that only a linear system is required to be
solved. However, when a total variation (TV) regularization [30] is employed or when
�1 norm is used in the data-fitting term, this fast cosine transform-based algorithm
cannot be applied directly. For TV minimization methods for image recovery, we
refer to [30, 10]. For theory and computation of variational image deblurring, we
refer to [14]. In [16], Daubechies and Teschke presented a wavelet-based treatment
of variational functionals that induce a decomposition of images into oscillation and
cartoon components and possibly an appropriate noise component. Their approach
can incorporate blur operators into the formulation so that the minimization leads
to a simultaneous decomposition, deblurring, and denoising. In [11], Chan et al. also
studied wavelet deblurring algorithms for a special image restoration problem where
a high-resolution image can be reconstructed from a set of low-resolution images.

Due to the presence of edges, the prior distribution of an image rarely satisfies
the Gaussian assumption well. In many cases, the additive noise does not satisfy the
Gaussian assumption either, for instance, the noise may follow a Laplace distribution
[2]. In the literature, there has been a growing interest in using �1 norm for image
restoration [1, 13, 17, 18, 20, 21, 26, 27, 28, 35].

In this paper, we consider that the data-fitting term between Hf and g is mea-
sured in the �1 norm that can handle non-Guassian-type noises, and the regularization
term is given by the TV that can restore edges in the restoration process, i.e., we are
interested in the following image restoration model:

min
f

{λ‖g − Hf‖1 + ‖f‖TV } .(1.3)

Here ‖ · ‖TV is the discrete TV regularization term. The discrete gradient operator
∇ : R

N2 → R
N2

is defined by

(∇u)j,k = ((∇u)x
j,k, (∇u)y

j,k),

with

(∇u)x
j,k =

{
uj+1,k − uj,k if j < n,
0 if j = n,

(∇f)y
j,k =

{
uj,k+1 − uj,k if k < n,
0 if k = N,

(1.4)
for j, k = 1, . . . , N . Here uj,k refers to the (jN + k)th entry of the vector u (it is the
(j, k)th pixel location of the image). The discrete TV of u is defined by

‖u‖TV :=
∑

1≤j,k≤N

|(∇u)j,k|2 =
∑

1≤j,k≤N

√
|(∇u)x

j,k|2 + |(∇u)y
j,k|2.

Here | · |2 is the Euclidean norm in R
2.
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2324 XIAOXIA GUO, FANG LI, AND MICHAEL K. NG

1.1. TV image restoration.

1.1.1. The TV denoising algorithm. In [3], Aujol et al. studied TV-�1 de-
noising model

min
u

{λ‖g − u‖1 + ‖u‖TV } .(1.5)

Instead of (1.5), Aujol et al. proposed and considered the following functional:

min
u,v

{
1
2α

‖g − u − v‖2
2 + λ‖v‖1 + ‖u‖TV

}
.(1.6)

They aim at splitting an image g into two components u and v. The parameter α
is set to be small so that f = u + v can be obtained. Aujol et al. proposed a fast
algorithm to solve (1.6). Their idea is to fix v and search for u as a solution of

min
u

{
‖u‖TV +

1
2α

‖g − u − v‖2
2

}

and then fix u and search for v as a solution of

min
u

{
1
2α

‖g − u − λv‖1

}
.

They showed that iterating these two minimizations is a way to compute the solution
of problem (1.6). This kind of splitting algorithm is shown to be very efficient.

1.1.2. The fast algorithm for total variation based deconvolution
(FTVd) algorithm. In [33], Yang et al. extended the alternating minimization algo-
rithm recently proposed in [34, 32] to the case of recovering blurred images corrupted
by impulsive rather than Gaussian noise. They perform deblurring and denoising
jointly by solving a TV regularization problem with an �1 norm data fidelity term
and derive the algorithm by applying the well-known quadratic penalty function tech-
nique. They study the following approximate problem to (1.5):

min
w,z,u

N2∑
i=1

(
αi‖w‖2 +

β

2
‖wi − Giu‖2

2

)
+ μ

(
‖z‖1 +

γ

2
‖z − (Hu − g)‖2

2

)
,(1.7)

where β, γ � 0 are penalty parameters. Here wi are auxiliary variables that ap-
proximate Hu− g and Giu in the nondifferentiable norms in the TV regularization.
They introduce (1.7) because it is numerically easier to minimize by an iterative and
alternating approach due to fact that with any two of the three variables w, z, and u
fixed, the minimizer of (1.7) with respect to the third one has a closed-form formula
that is easy to compute. This approach is also numerically stable for large values of
β and γ. Since w and z are decoupled for given u, their algorithm minimizes the
objective function in (1.7) with respect to (w, z) and u, alternatively. They show that
for any fixed β, γ > 0, their proposed alternating minimization scheme generates a
sequence of points converging to a solution of (1.7). Their numerical results on images
with different blurs and impulsive noise demonstrate the efficiency of the algorithm.

1.2. The least absolute deviation (LAD) method. In [18], Fu et al. con-
sidered the following minimization problem for image restoration:

min
f

‖g − Hf‖1 + α‖Rf‖1.(1.8)
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The solution to (1.8) is called the LAD solution [5]. The LAD solution is formulated
as the solution to a linear programming problem which is solved by interior point
methods. At each iteration of the interior point method, a structured linear system
must be solved. The preconditioned conjugate gradient method with factorized sparse
inverse preconditioners is employed to solve such structured inner systems. The ad-
vantage of using this approach is that the constraint on nonnegativity of the image
solution can be included without extra cost. Experimental results are presented to
demonstrate the effectiveness of their approach. They also demonstrate the quality of
the restored images using the minimization of �1-�1 norms is better than that using
only �2 norm in the data-fitting term. In their paper, Fu et al. [18] employed the
�1 norm of Rf as the regularization term instead the TV regularization. Also the
interior point method and the preconditioned conjugate gradient method still take a
lot of computational time in order to solve the corresponding minimization problem.

Recently, Krishnan, Lin, and Yip [19] also studied an optimization problem with
nonnegativity constraint arising from TV deblurring problems. They employed a
primal-dual active-set method for the nonnegativity constrained problem. The image
restoration results were presented to illustrate the effectiveness of their approach.
However, the data-fitting term in their model is �2 norm only.

1.3. Outline. In this paper, the main aim is to develop and study a fast �1-
TV minimization method for image restoration. The proposed unconstrained �1-TV
deblurring problem is given by

min
w,f,u

J (w, f, u) = min
w,f,u

‖Hf −w‖2
2 +α1‖f −u‖2

2 +α2‖w −g‖1 +α3‖u‖TV ,(1.9)

where α1, α2, α3 are positive regularization parameters. The objective function is
different from (1.3). It is clear that when α1 and α2 are sufficiently large, the objective
function in (1.9) is close to the objective function in (1.3), i.e., we force f ≈ u and
w ≈ g. The minimizer of (1.9) is also close to the minimizer of (1.3); see, for instance,
[33]. However, when α1 and α2 are not large, the approximation in (1.9) to (1.3) is
not accurate.

We note that (1.9) can be rewritten as follows:

min
w,f,u

J (w, f, u)(1.10)

= min
u

{min
w

{min
f

{‖Hf − w‖2
2 + α1‖f − u‖2

2} + α2‖w − g‖1} + α3‖u‖TV }.

According to (1.10), we can interpret the TV minimization scheme to denoise the
deblurred image f . Here α1 measures the trade-off between a deblurred image f and
a denoised image u. On the other hand, α2 measures the amount of noise removal on
the observed image g, and α3 measures the amount of regularization to a denoising
image u. The main advantage of the proposed method is that a TV norm is used in
the image restoration process. Therefore the new method has the ability to preserve
edges very well in the restored image.

The proposed objective function in (1.9) is different from the objective function in
(1.7). In (1.9), we consider the norm of the difference between the deblurred image and
the denoised image in the model. Here we approximate the restored image by a new
image variable u. In the algorithm, a linear system involving the sum of the blurring
matrix and the identity matrix is required in the deblurring step, and a nonlinear
TV denoising step is also required. Therefore the edges in the restored image can be
preserved quite well in the algorithm. However, in (1.7), Wang et al. [32] consider

D
ow

nl
oa

de
d 

05
/2

9/
18

 to
 2

19
.2

28
.1

46
.1

48
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2326 XIAOXIA GUO, FANG LI, AND MICHAEL K. NG

the norm of the difference between the gradient vector of the restored image and the
new auxiliary variable in the TV calculation. In this case, the approximation is the
gradient of the restored image. A linear system involving the sum of the blurring
matrix and the discrete Laplacian matrix is required in the deblurring step, and a
two-dimensional shrinkage formula is also used. In section 4, we will compare the
results of the proposed model and the model in (1.7).

We also remark that when the blurring matrix cannot be diagonalized by fast
transform matrix, the linear system in the proposed algorithm is more well-conditioned
than that in the method of (1.7). We note that the regularization matrix is the iden-
tity matrix in the proposed algorithm. Therefore, when an iterative method is applied
to solving the linear system in the proposed algorithm, it will converge quite rapidly.

An alternating minimization algorithm is employed to solve the proposed TV min-
imization problem. Our experimental results show that the quality of restored images
by the proposed method is competitive with those restored by the other tested meth-
ods such as the FTVd method and the LAD method. We also show that convergence
of the alternating minimization algorithm and demonstrate that the algorithm is very
efficient.

The outline of this paper is as follows. In section 2, an iterative algorithm is
developed. In section 3, we show the convergence of the iterative algorithm. In section
4, numerical examples are given to demonstrate the effectiveness of the proposed
model. Conclusions are made in section 5.

2. The iterative algorithm. In the paper, we propose to use an alternating
minimization algorithm to solve (1.9). Starting from an initial guess w(0),u(0), this
method computes a sequence of iterates

f (1),w(1),u(1),f (2),w(2),u(2), . . . ,f (i),w(i),u(i), . . .

such that⎧⎨
⎩
Sh(w(i−1),u(i−1)) := f (i) = argminf ‖Hf − w(i−1)‖2

2 + α1‖f − u(i−1)‖2
2,

Sl1(f
(i)) := w(i) = argminw ‖Hf (i) − w‖2

2 + α2‖w − g‖1,
Stv(f (i)) := u(i) = argminu α1‖f (i) − u‖2

2 + α3‖u‖TV ,

for i = 1, 2, . . . . Therefore, we can express the following relationship:

w(i) = Sl1(f
(i)) = Sl1(Sh(w(i−1),u(i−1))), i = 1, 2, . . . ,

u(i) = Stv(f (i)) = Stv(Sh(w(i−1),u(i−1))), i = 1, 2, . . . .

For simplicity, we denote

w(i) = T1(w(i−1),u(i−1)) and u(i) = T2(w(i−1),u(i−1)),(2.1)

where

T1(·) = Sl1(Sh(·,u)) and T2(·) = Stv(Sh(w, ·)).

In the next section, we will analyze the convergence of w(i) and u(i) under T1 and T2.
Let us first study the computational cost of the alternating minimization algorithm.

Step 1. The first step of the method is to perform the deblurring. The minimizer
of the optimization problem

min
f

‖Hf − w(i−1)‖2
2 + α1‖f − u(i−1)‖2

2
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is equivalent to solving a linear system

(HT H + α1I)f = HT w(i−1) + α1u
(i−1).(2.2)

Because of the regularization term α1I, the coefficient matrix (HtH +α1I) is always
invertible, even HtH is singular, and the matrix (HtH +α1I) is symmetric positive
definite. The conjugate gradient method can be used to solve (2.2) at each iteration.
Convergence can be improved using preconditioning techniques. Transform-based
preconditioning techniques have been proved to be very successful [23].

Step 2. The minimizer of the second optimization problem is equivalent to solve
N2 minimizers of the function ψ(s) = |t − s|2 + ρ|s|, where ρ > 0. In [9], the exact
minimizer of ψ(s) is given by the following

s = φ(t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

t− ρ

2
, t >

ρ

2
,

0, |t| ≤ ρ

2
,

t+
ρ

2
, t < −ρ

2
.

(2.3)

Therefore, the minimizer of the optimization problem minw ‖Hf (i)−w‖2
2+α2‖w−g‖1

is given by

wj,k =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(Hf (i))j,k − α2

2
, (Hf (i) − g)j,k >

α2

2
,

gj,k, |(Hf (i) − g)j,k| ≤
α2

2
,

(Hf (i))j,k +
α2

2
, (Hf (i) − g)j,k < −α2

2
,

for 1 ≤ j, k ≤ N , i.e., the function Sl1(f (i)) = φ(Hf (i) − g) + g according to the
above formula.

Step 3. The third optimization problem

α1‖f (i) − u‖2
2 + α3‖u‖TV(2.4)

can be solved by many TV denoising methods like Chambolle’s projection algo-
rithm [7], semismooth Newton’s method [25], multilevel optimization method [12],
and graph-based optimization method [8]. In the Chambolle scheme,we solve the
following constrained minimization problem:

min
p

‖f (i) − α3

2α1
divp‖2

2

subject to |pj,k| ≤ 1 for all j, k = 1, 2, . . . , N . Here

pj,k =

[
px

j,k

py
j,k

]

is the dual variable at the (j, k)th pixel location, p is the concatenation of all pj,k,
and the discrete divergence of p is defined such that

(divp)j,k ≡ px
j,k − px

j−1,k + py
j,k − py

j,k−1,
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2328 XIAOXIA GUO, FANG LI, AND MICHAEL K. NG

with px
0,k = py

j,0 = 0. The vector divp is the concatenation of all (divp)j,k. For
simplicity, we denote λ = α3/2α1. When the minimizer p∗ of the constrained opti-
mization problem in (2.4) is determined, the denoised image u(i) can be generated as
follows:

u(i) = f (i) − λdivp∗.

In [7], the iterative scheme for computing the optimal solution p is given as follows:

pl+1,x
j,k =

p
(l,x)
j,k + τ∇(divp(l) − f (i)/λ)x

j,k

1 + τ |∇(divp(l) − f (i)/λ)j,k|
for all j, k = 1, 2, . . . , N

and

pl+1,y
j,k =

p
(l,y)
j,k + τ∇(divp(l) − f (i)/λ)y

j,k

1 + τ |∇(divp(l) − f (i)/λ)j,k|
for all j, k = 1, 2, . . . , N,

where p
(l,z)
j,k (z ∈ {x, y}) is the lth iterate of the iterative method for the minimizer,

∇(·)z
j,k(z ∈ {x, y}) is defined as previous, and τ is a parameter introduced in the

projection gradient method; see [7] for details.

3. Analysis of convergence. In this section, we study the convergence of the
alternating minimization algorithm. We make use of the results by Browder and
Petryshyn [6] and Opial [29] to show that the algorithm converges to a minimizer.

Theorem 3.1. If a nonexpansive mapping T : X → X of a Hilbert space X
into itself is asymptotically regular and has at least one fixed point, then, for any
x ∈ X , a weak limit of a weakly convergence subsequence of the sequence of successive
approximations {T nx} is a fixed point.

We note when X is R
N2

, the sequence of successive approximations can converge
strongly to a fixed point.

In order to use the theorem, we need to show that the objective function J in
(1.9) is coercive, and T1 and T2 in (2.1) are nonexpansive and asymptotically regular.

Definition 3.2. An operator P is called nonexpansive if for any x1,x2 ∈ RN2
,

we have

‖P(x1) − P(x2)‖2 ≤ ‖x1 − x2‖2.

If there exists some nonexpansive operator A and α ∈ (0, 1) such that P = (1−α)I +
αA, then P is called α-averaged nonexpansive.

Lemma 3.3 (see [15]). Let ϕ be convex and semicontinuous and α > 0. Suppose
x̂ is defined as follows:

x̂ = argminx‖y − x‖2
2 + αϕ(x).

Define S such that x̂ = S(y) for each y. Then S is 1
2 -averaged nonexpansive.

With Lemma 3.3, we know that Stv is nonexpansive. Next we show that the
operators T1 and T2 defined in (2.1) are nonexpansive. We first prove the operator
Sl1(u) is nonexpansive, or we just show that s = φ(t) in (2.3) is nonexpansive.

Lemma 3.4. The operator s = φ(t) defined in (2.3) is nonexpansive.
Proof. Let us consider the following four cases:

Case 1. If t1, t2 > ρ
2 or t1, t2 < − ρ

2 , then

|s1 − s2| = |φ(t1) − φ(t2)| = |t1 − t2|.
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Case 2. If |t1| ≤ ρ
2 , |t2| ≤

ρ
2 , then

0 = |s1 − s2| = |φ(t1) − φ(t2)| ≤ |t1 − t2|.

Case 3. If t1 > ρ
2 and |t2| ≤ ρ

2 , then

|s1 − s2| = |φ(t1) − φ(t2)| =
∣∣∣t1 − ρ

2
− 0
∣∣∣ = ∣∣∣t1 − ρ

2

∣∣∣ ≤ |t1 − |t2|| ≤ |t1 − t2|.

Case 4. If t1 > ρ
2 and t2 < − ρ

2 , then by noting that t1 − t2 > ρ, we have

|s1 − s2| = |φ(t1) − φ(t2)| = |t1 − t2 − ρ| ≤ |t1 − t2|.

The result follows.
Lemma 3.5. The operators T1 and T2 in (2.1) are nonexpansive.
Proof. We note that

‖T1(w1) − T1(w2)‖2

= ‖Sl1(Sh(w1,u)) − Sl1(Sh(w2,u))‖2

= ‖φ(HSh(w1,u) − g) + g − φ(HSh(w2,u) − g) − g‖
≤ ‖HSh(w1,u) − HSh(w1,u)‖2

= ‖H(HT H + α1I)−1(HT w1 + α1u) − H(HT H + α1I)−1(HT w2 + α1u)‖2

= ‖H(HT H + α1I)−1HT (w1 − w2)‖2

≤ ‖w1 − w2‖2,

and
‖T2(u1) − T2(u2)‖2

= ‖Stv(Sh(w,u1)) − Stv(Sh(w,u2))‖2

≤ ‖Sh(w,u1) − Sh(w,u2)‖2

= ‖(HT H + α1I)−1(HT w + α1u1) − (HT H + α1I)−1(HT w + α1u2)‖2

= ‖α1(HT H + α1I)−1(u1 − u2)‖2

≤ ‖u1 − u2‖2.

The results follow.
Lemma 3.6. Let w(i) and u(i) generated by (2.1), then both

∑∞
i=1 ‖u(i)−u(i−1)‖2

2

and
∑∞

i=1 ‖w(i) − w(i−1)‖2
2 converge.

Proof. In (1.9), we consider the Taylor series expansion of J (w(i),f ,u(i)) in the
second variable and set f = f (i) in the calculation, we have

J (w(i),f (i),u(i)) = J (w(i),f (i+1),u(i)) + (f (i) − f (i+1))T ∂J
∂f

(w(i),f (i+1),u(i))

+
1
2
(f (i) − f (i+1))T ∂

2J
∂f2

(w(i),f (i+1),u(i))(f (i) − f (i+1)).

Since f (i+1) is the minimizer of J (w(i),f ,u(i)), we have

∂J
∂f

(w(i),f (i+1),u(i)) = 0.

Next we can compute

∂2J
∂f2

(w(i),f (i+1),u(i)) = 2(HT H + α1I) ≥ 2α1I.
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Therefore, we obtain

J (w(i),f (i),u(i)) − J (w(i),f (i+1),u(i)) ≥ α1‖f (i) − f (i+1)‖2
2.

As J (w(i+1),f (i+1),u(i+1)) ≤ J (w(i),f (i+1),u(i)), we obtain

J (w(i),f (i),u(i)) − J (w(i+1),f (i+1),u(i+1))
≥ J (w(i),f (i),u(i)) − J (w(i),f (i+1),u(i))
≥ α1‖f (i) − f (i+1)‖2

2.

Since the operator Stv is nonexpansive, we have

‖f (i) − f (i+1)‖2
2 ≥ ‖Stv(f (i)) − Stv(f (i+1))‖2

2 = ‖u(i) − u(i+1)‖2
2.

Hence we get

J (w(i),f (i),u(i)) − J (w(i+1),f (i+1),u(i+1)) ≥ α1‖u(i) − u(i+1)‖2
2.

It follows that
∑∞

i=1 ‖u(i)−u(i−1)‖2
2 is bounded, and

∑∞
i=1 ‖u(i)−u(i−1)‖2

2 converges.
By using a similar argument, we can obtain that

∑∞
i=1 ‖w(i) − w(i−1)‖2

2 is bounded,
and therefore,

∑∞
i=1 ‖w(i) − w(i−1)‖2

2 converges.
Immediately, we have the following lemma, which states that the operators T1

and T2 are asymptotically regular.
Lemma 3.7. For any initial guess w(0),u(0) ∈ R

N2
, suppose {w(i)} and {u(i)}

are generated by (2.1), then both T1 and T2 are asymptotically regular, i.e.,

lim
i→∞

‖w(i+1) − w(i)‖2 = lim
i→∞

‖T i+1
1 (w(0)) − T i

1 (w(0))‖2 = 0,

lim
i→∞

‖u(i+1) − u(i)‖2 = lim
i→∞

‖T i+1
2 (u(0)) − T i

2 (u(0))‖2 = 0.

To show the coerciveness of J , we introduce the following definition.
Definition 3.8. A function φ : R

N2 → R is proper over a set X ⊂ R
N2

if
φ(x) < ∞ for at least one x ∈ X and φ(x) > −∞ for all x ∈ X. A function
φ : R

N2 → R is coercive over a set X ⊂ R
N2

if for every sequence {xk} ⊂ X such
that ‖xk‖2 → ∞, we have

lim
k→∞

φ(xk) = ∞.

When X = R
N2

, we say that φ is coercive on R
N2

.
Lemma 3.9 (see [4]). Let ϕ : R

N2 → R be a closed, proper, and coercive function.
Then the set of minima of ϕ over R

N2
is nonempty and compact.

The following lemma states the objective function J (w,f ,u) is coercive under
certain condition.

Lemma 3.10. Let Lh and Lv be the one-side difference matrix on the horizontal
direction and the vertical direction, respectively, and

L =
(

Lh

Lv

)
.

The function J (w,f ,u) is coercive if Null(H)∩Null(L) = ∅, where Null(·) denotes
the null space of the corresponding matrix.
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Proof. When ∥∥∥∥∥∥∥
⎛
⎜⎝f

u

w

⎞
⎟⎠
∥∥∥∥∥∥∥

2

→ ∞,

we must have either ‖
(
f
u

)
‖2 → ∞ or ‖w‖2 → ∞. Let us discuss these two cases.

In the first case, when ‖w‖2 → ∞, it is clear that ‖w − g‖1 → ∞, and therefore,
J (w,f ,u) → ∞, the result follows. In the second case, ‖w‖2 is bounded, otherwise
the result follows. We would like to show that J (w,f ,u) → ∞ when ‖

(
f
u

)
‖2 → ∞.

The lower bound of the discrete TV is given by

‖u‖TV =
∑

1≤j,k≤N

|(∇u)j,k|2

=
∑

1≤j,k≤N

√
|(∇u)x

j,k|2 + |(∇u)y
j,k|2

≥ 1√
2

∑
1≤j,k≤N

|(∇u)x
j,k| + |(∇u)y

j,k| =
1√
2
‖Lu‖1.

By using the above inequality, we have

J (w,f ,u) ≥ ‖Hf − w‖2
2 + α1‖f − u‖2

2 +
α3√

2
‖Lu‖1(3.1)

≥ ‖Hf − w‖2
2 + α1‖f − u‖2

2 +
α3√

2
‖Lu‖2

=

∥∥∥∥∥∥∥∥

⎛
⎜⎜⎝

H 0√
α1I −√

α1I

0
α3√

2
L

⎞
⎟⎟⎠
(

f
u

)
−

⎛
⎝ w

0
0

⎞
⎠
∥∥∥∥∥∥∥∥

2

2

.

Let

⎛
⎝ x

y
z

⎞
⎠ =

⎛
⎜⎜⎝

H 0√
α1I −√

α1I

0
α3√

2
L

⎞
⎟⎟⎠
(

f
u

)
.

We note that⎛
⎜⎜⎝

H 0√
α1I −√

α1I

0
α3√

2
L

⎞
⎟⎟⎠ =

⎛
⎜⎝

I 0 0
0 I 0
0 − α3√

2α1
L I

⎞
⎟⎠
⎛
⎜⎜⎝

H 0√
α1I −√

α1I

α3√
2
L 0

⎞
⎟⎟⎠ ,

and the above matrix is full rank as Null(H) ∩ Null(L) = ∅. Hence when ‖
(
f
u

)
‖2

→ ∞, we have either ‖
(
x
y

)
‖2 → ∞ or ‖z‖2 → ∞. By using (3.1), we get J (w,f ,u) →

∞. The result follows.
Remark 1. If x ∈ Null(L), then xi,j = c for any i and j, where c is a nonzero

constant. Since H is a blurring matrix (all the nonzero entries should be positive),
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it is clear that Hx is a nonzero vector. It follows that the assumption Null(H) ∩
Null(L) = ∅ holds in general.

Now we show that the set of fixed points of T1 and T2 are nonempty.
Lemma 3.11. Suppose Null(H) ∩ Null(L) = ∅. Then the set of fixed points of

T1 and T2 are nonempty.
Proof. Since the objective function J is coercive, the set of minimizers of J is

nonempty. Assume (w′,f ′,u′) is a minimizer of J , i.e.,⎛
⎜⎜⎜⎜⎜⎜⎝

∂J
∂w

(w′,f ′,u′)

∂J
∂f

(w′,f ′,u′)

∂J
∂u

(w′,f ′,u′)

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎝ 0

0
0

⎞
⎠ .

It implies that ⎧⎨
⎩

f ′ = Sh(w′,u′) = argminJ (w′, ·,u′),
w′ = Sl1(f ′) = argminJ (·,f ′,u′),
u′ = Stv(f ′) = argminJ (w′,f ′, ·).

Thus we obtain

w′ = Sl1(Sh(w′,u′)) = T1(w′),
u′ = Stv(Sh(w′,u′)) = T2(u′),

i.e., w′ and u′ are the fixed points of T1 and T2, respectively. The result follows.
We remark that when H is a matrix of full column rank, then the objective

function J in (1.9) is strictly convex. Therefore a fixed point of T is also a global
minimizer of J . According to Theorem 3.1, the sequence {u(i)} converges to a fixed
point of J , i.e., a minimizer of J .

Theorem 3.12. Suppose Null (H)
⋂

Null (L) = ∅. For any initial guess
w(0),u(0) ∈ R

N2
. If w(i) and u(i) are generated by (2.1), then both w(i) and u(i)

converge to a stationary point of J .
We remark that when H is a matrix of full column rank, both u(i) and w(i)

converge to a minimizer of J .

4. Experimental results. In this section, we illustrate the performance of our
proposed algorithm for image restoration problems. Relative error, blurred signal-to-
noise ratio (BSNR), and the highest peak signal-to-noise ratio (PSNR) are used to
measure the quality of the restored image. They are defined as follows:

ReErr =
‖f̃ − f‖2

‖f‖2
, BSNR = 20 log10

(
‖g‖2

‖n‖2

)
,

SNR = 10 log10

‖f − fmean‖2

‖f − f̃‖2

, PSNR = −20 log10

(
‖f̃ − f‖2

N

)
,

where f , g,n, and f̃ are the original image, the observed image, the noise vector
added in the test, and the restored image, respectively. We compare the proposed
method (�1-TV) with the LAD method [18] where the objective function is given in
(1.8), and the FTVd algorithm [33] where the objective function is given in (1.7).
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4.1. The proposed method and the LAD method. Three original images
(“cameraman,” “satellite,” and “wheel”) are used to test the proposed method, and
they are shown in Figure 4.1. The blurring function is chosen to be a two-dimensional
Gaussian

h(i, j) = e−2(i/3)2−2(j/3)2 ,

truncated such that the function has support of 7 × 7, which is used in [18]. In the
tests, three kinds of noise on the blurred image are used, namely, Gaussian noise,
uniform noise, and Laplace noise. The blurred and noisy “cameraman,” “satellite,”
and “wheel” images are shown in Figures 4.2–4.4(a), Figures 4.5–4.7(a), and Figures
4.8–4.10(a), respectively. The stopping criterion of the two methods is that the rela-
tive difference between the successive iterate of the restored image should satisfy the
following inequality:

‖f̃ (i+1) − f̃ (i)‖2

‖f̃ (i+1)‖2

< 10−4,(4.1)

where f̃ (i) is the computed image at the ith iteration of the proposed method.
In Table 4.4, we show three regularization parameters used in the �1-TV method

for restoration of four tested images. We determine the best value of α1, α2, and α3

such that the relative error of the restored image f̃ with respect to the original image
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Fig. 4.1. (a) The original “cameraman” image. (b) The original “satellite” image. (c) The
original “wheel” image.
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Fig. 4.2. (a) The blurred noisy image with 50% of the pixels contaminated by Gaussian noise.
(b) The restored image using the LAD method. (c) The restored image using the �1-TV method.
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Fig. 4.3. (a) The blurred noisy image with 50% of the pixels contaminated by Laplace noise.
(b) The restored image using the LAD method. (c) The restored image using the �1-TV method.
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Fig. 4.4. (a) The blurred noisy image with 50% of the pixels contaminated by uniform noise.
(b) The restored image using the LAD method. (c) The restored image using the �1-TV method.
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Fig. 4.5. (a) The blurred noisy image with 50% of the pixels contaminated by Gaussian noise.
(b) The restored image using the LAD method. (c) The restored image using the �1-TV method.

f is the smallest, i.e.,

‖f̃ − f‖2

‖f‖2

is the smallest among all tested values of α1, α2, and α3. We remark that the noise
added to the blurred image is independent and identically distributed, i.e., each pixel
location has the same probability distribution as the others, and all are mutually
independent. Also the same blurring matrix is applied to the original image; therefore,
we use the same set of parameters for different images when the same kind of noise
is considered. We note that such implementation may not be optimal with respect
to the relative error of the restored image and the original image. However, the
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Fig. 4.6. (a) The blurred noisy image with 50% of the pixels contaminated by Laplace noise.
(b) The restored image using the LAD method. (c) The restored image using the �1-TV method.
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Fig. 4.7. (a) The blurred noisy image with 50% of the pixels contaminated by uniform noise.
(b) The restored image using the LAD method. (c) The restored image using the �1-TV method.
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Fig. 4.8. (a) The blurred noisy image with 50% of the pixels contaminated by Gaussian noise.
(b) The restored image using the LAD method. (c) The restored image using the �1-TV method.

computational cost of searching regularization parameters can be reduced. In practical
application, there are several regularization parameter selection methods, e.g., the
discrepancy principle and the generalized cross-validation method. However, these
selection methods have not been well-developed for TV image restoration problems;
see the next section for discussion.

The restored images by using the LAD method are shown in Figures 4.2–4.10(b).
The restored images by using the �1-TV method are shown in Figures 4.2–4.10(c).
According to the figures, the quality of the restored images by using the �1-TV method
is better than those by using the LAD method. In Tables 4.1–4.3, we summarized the
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Fig. 4.9. (a) The blurred noisy image with 50% of the pixels contaminated by Laplace noise.
(b) The restored image using the LAD method. (c) The restored image using the �1-TV method.
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Fig. 4.10. (a) The blurred noisy image with 50% of the pixels contaminated by uniform noise.
(b) The restored image using the LAD method. (c) The restored image using the �1-TV method.

Table 4.1

Summary results for “cameraman” image.

Noise Gaussian Laplace Uniform
BSNR=22.8853 BSNR=33.8851 BSNR=22.8004
LAD �1-TV LAD �1-TV LAD �1-TV

PSNR (dB) 23.4816 24.0763 23.7781 25.6610 22.9887 24.0077
Relative error 0.1329 0.1241 0.1284 0.1034 0.1405 0.1251

Time (seconds) 49.2 14.4 91.2 5.00 52.0 6.55

Table 4.2

Summary results for “satellite” image.

Noise Gaussian Laplace Uniform
BSNR=18.7376 BSNR=29.8226 BSNR=18.9050
LAD �1-TV LAD �1-TV LAD �1-TV

PSNR (dB) 26.0406 27.3872 26.1986 29.3262 25.2148 26.7752
Relative error 0.1565 0.1340 0.1536 0.1077 0.1721 0.1438
Time (seconds) 67.0 5.9 49.8 3.81 68.4 4.14

restoration results of the three tested images. In the tables, we see that the PSNR of
the restored images by the �1-TV method is larger than those by the LAD method.
Also the computational time required by the �1-TV method is significantly less that
that required by the LAD method. It shows that the proposed method is very effective
and efficient.
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Table 4.3

Summary results for “wheel” image.

Noise Gaussian Laplace Uniform
BSNR=20.9160 BSNR=31.9807 BSNR=21.0149
LAD �1-TV LAD �1-TV LAD �1-TV

PSNR (dB) 31.8726 33.3470 33.5339 35.0963 29.4192 30.1312
Relative error 0.0641 0.0541 0.0530 0.0443 0.0851 0.0784
Time (seconds) 39.4 9.72 52.5 4.34 71.7 10.3

Table 4.4

The parameters used for restored images by the �1-TV method.

Noise Image α1 α2 λ = α3/2α1

Gaussian Cameraman 0.5 0.026 0.018
Satellite 0.5 0.026 0.018
Wheel 0.5 0.026 0.018

Laplace Cameraman 0.0545 0.055 0.018
Satellite 0.0545 0.055 0.018
Wheel 0.0545 0.055 0.018

Uniform Cameraman 0.2 0.05 0.020
Satellite 0.2 0.05 0.020
Wheel 0.2 0.05 0.020

4.2. The proposed method and the FTVd method. In this subsection, we
compare the performance of the proposed method with that of the FTVd method.
We use the “cameraman” image as the original image. Salt-and-pepper noise is added
to the Gaussian blurred images; see [33]. The implementation of the FTVd method
can be found in [34]. In [33], a continuation scheme on γ and β in (1.7) is used. We
follow the same continuation scheme on α1 and α2 in (1.9). For the FTVd method, we
download the program and generate the image restoration results for comparison. The
stopping criterion of the FTVd is set in the program, see [33] for detail. The stopping
criterion of the proposed method is the same as that of the previous subsection: The
relative difference between the successive iterate of the restored image should satisfy
the following inequality in (4.1). The image restoration results are summarized in
Table 4.5, and the restored images are shown in Figures 4.11 and 4.12. We see from
the figures that both methods can restore images with about the same visual quality.
In Table 4.5, we summarize the restoration results of the two methods. We find that
the signal-to-noise ratios (SNRs) and PSNRs of the restored images by using two
methods are about the same, and the computational time required by the proposed
method is slightly faster than that required by the FTVd method.

5. Concluding remarks. In this paper, we have studied a fast �1 data fitting
plus TV minimization method for image restoration. We have employed an alter-
nating minimization algorithm to solve the proposed TV minimization problem. Our
experimental results show that the quality of restored images by the proposed method
is competitive with those restored by the LAD method and the FTVd method. The
most important contribution is that the proposed algorithm is very efficient.

The future research plan is to investigate how to select the regularization parame-
ters in (1.9). We can make use of the continuation scheme to make α1 and α2 in (1.9)
larger and larger such that f ≈ u and w ≈ g. However, the regularization parameter
α3 is required to choose in order to restore the high quality of an image. In [22],
we have developed a fast TV image restoration method with automatic selection of
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Table 4.5

The summary of the restoration results of the proposed method and the FTVd method.

Gaussian Noise Method SNR PSNR Relative Time
blur level (dB) (dB) error (seconds)
7x7 30% FTVd 14.5 26.7 0.0876 18.4

Proposed 14.7 27.0 0.0852 14.8
7x7 40% FTVd 13.4 25.7 0.0989 22.9

Proposed 13.5 25.8 0.0978 16.2
7x7 50% FTVd 12.6 24.8 0.1090 22.2

Proposed 12.7 24.9 0.1083 17.5
7x7 60% FTVd 11.2 23.5 0.1277 23.0

Proposed 11.3 23.5 0.1268 21.1
15x15 30% FTVd 12.1 24.3 0.1154 19.7

Proposed 12.1 24.4 0.1151 15.5
15x15 40% FTVd 11.5 23.7 0.1238 24.0

Proposed 11.5 23.7 0.1242 16.8
15x15 50% FTVd 10.8 23.0 0.1343 21.0

Proposed 10.8 23.0 0.1343 16.6
15x15 60% FTVd 9.6 21.8 0.1542 19.1

Proposed 9.6 21.9 0.1536 22.1

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

Fig. 4.11. (a)–(d) Images with Gaussian blur of size 7 × 7 with standard derviation = 5 and
salt-and-pepper noise from 30% to 60%. (e)–(h) Restored images by the FTVd method. (i)–(l)
Restored images by the proposed method.
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(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

Fig. 4.12. (a)–(d) Images with Gaussian blur of size 15 × 15 with standard derviation = 5
and salt-and-pepper noise from 30% to 60%. (e)–(h) Restored images by the FTVd method. (i)–(l)
Restored images by the proposed method.

regularization parameters to restore blurred and noisy images when �2 norm is used
in the data-fitting term. The method exploits the generalized cross-validation (GCV)
technique to determine inexpensively how much regularization used in each restora-
tion step. By updating these regularization parameters in the iterative procedure,
the restored image can be obtained by choosing the one having the minimum GCV
value. The experimental results in [22] show that the quality of restored images by
the proposed method without prior knowledge of the original image is quite well.

In our problem, �1 norm is used in the data-fitting term. In the proposed model
(1.9), we make use of a new variable to measure the data-fitting term in �2 norm,
and therefore a deblurring problem in the form of Tikhonov regularization is required
to solve Step 1 of the proposed algorithm. We can adapt the GCV technique into
this step to determine a suitable regularization parameter. The image restoration
results can be selected with the smallest GCV value in the whole iterative process of
the proposed algorithm. However, the additive noise does not satisfy the Gaussian
assumption. In the next step, we will test this approach to evaluate the performance of
such GCV-based �1-TV algorithm for image restoration problems with non-Gaussian
additive noise.
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