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Abstract

We introduce the notion of multiplier, a real-valued bihomogeneous polynomial Mg €
Clz1,21,- -+, 2rts, Zr+s) canonically associated to a rational proper map F' from a gener-
alized ball D, s to another generalized ball. We prove that the multiplier Mg essentially
determines the map F' and hence one can study the structure of rational proper mappings
among generalized balls through the multiplier. We use the multiplier to study degree-2
rational proper maps from Dg 2 to an arbitrary D, s, demonstrating first of all that one
may confine itself to the cases where r,s > 2 and r + s < 10 without loss of generality.
Then, we show that for each maximal case, i.e. whenever r + s = 10, there exists a
real-parameter family of non-equivalent degree-2 holomorphic proper maps. Finally, we
give a complete description of all degree-2 rational proper maps from Ds 2 to D33, which
is the minimal case where there are non-standard mappings.

1 Introduction

A generalized complex ball, or simply generalized ball, denoted by D, s, is a domain on
the complex projective space generalizing the complex unit ball. Explicitly, for any
pair of positive integers r, s, it is defined as

T r+s
D,, = {[zl,...,er] EPTN P> ) |zj|2} .
j=1

Jj=r+1

When r = 1, we see that it is just the ordinary unit ball B* embedded in P*. In
general, they are also examples of the so-called flag domains on the complex projective
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space, when the latter is regarded as a flag manifold. In other words, it is an open
orbit on P of some real form of SL(n;C) (in this case, it is SU(r, s), where r+s = n).

As a generalization of the unit ball, rigidity problems for holomorphic mappings
on D, ; have been studied by a number of people, especially those in Cauchy-Riemann
Geometry. In particular, Baouendi-Huang [BH] and Baouendi-Ebenfelt-Huang [BEH]
have studied the rigidity for local proper holomorphic mappings among generalized
balls. By these works, it is now known that unlike the case for the ordinary unit
balls, the co-dimension is not the key issue for the problem. For example, Baouendi-
Huang [BH] proved that if r;s,s" > 2 and s’ > s, any local proper holomorphic map
from D, s to D, ¢ is the restriction of a standard embedding and hence linear. (For a
different proof using cycle spaces, see [Ng2].) On the other hand, if we allow 7/, s’ to
be sufficiently greater than r, s, it is easy to construct non-linear examples of proper
holomorphic maps from D, s to D,/ ¢. Under certain restrictions on (r, s) and (1, s'),
Baouendi-Ebenfelt-Huang [BEH] have proven partial rigidity for local proper holo-
morphic maps using methods in Cauchy-Riemann Geometry and the second author
of the current article on the other hand has proven full rigidity for the same pairs of
generalized balls in the global setting by using cycle spaces [Ngl].

As mentioned, for a given D, ,, there are non-linear proper holomorphic maps
from D,y to D,y if 7', s" are large enough. Thus, the classification problem ap-
pears naturally. The case for the ordinary unit balls has been studied quite a lot,
see for example, D’Angelo [Dal, Da2|, Faran [Fa], Faran-Huang-Ji-Zhang [FHJZ],
Huang-Ji [HJ], Huang-Ji-Xu [HJX]. The general case, which is a natural problem
by itself, is motivated by its link to the proper holomorphic mappings among Type-I
irreducible bounded symmetric domains. For the detail of this linkage, we refer the
readers to [Ng4|. Roughly speaking, a proper holomorphic map from D, s to D,y will
induce a proper holomorphic map from €, ; to €, &, where Q, ; and Q, o are Type-
I irreducible bounded symmetric domains. (See [Se| for some explicit examples.)
Conversely, it has also been shown that the known examples of proper holomorphic
maps among Type-I irreducible bounded symmetric domains also induce proper maps
(which may be only meromorphic) among generalized balls. Moreover, it is known
that any global holomorphic map among generalized balls must be rational [Ngl] and
the same proof actually also works for meromorphic maps. Thus, any classification
results for rational proper maps among D, ; will give information about the structure
of proper holomorphic maps among 2, ;. In the past the study of the latter mappings
has remained rather unexplored as the singularities on the boundaries of €2, ; of high-
er rank hinder the application of the usual analytic methods, like the Chern-Moser
normal form, etc.

With the above motivation, we study in the current article the rational prop-
er maps among generalized balls (which will be defined more precisely later). We
introduce the notion of multiplier, a real-valued bihomogeneous polynomial Mg €
Clz1, 21, - - - s Zris, Zres) associated to any given rational proper map F from D, g to
another generalized ball. We will show that the multiplier My essentially determines
the rational proper map F' (Theorem 3.6) and thus one may study the structure of



rational proper maps among generalized balls through the multiplier. Along this line,
it is natural for us to study rational proper maps with a fixed degree from a fixed D, s
while allowing the target generalized ball to be variable. As a first exploration, we
confine ourselves to degree-2 rational proper maps defined on Dj 5, which is the sim-
plest generalized ball other than the ordinary unit balls. It turns out that in this case
there are already plenty of non-trivial examples of rational (or holomorphic) proper
maps. Using the multiplier, we first demonstrate that there is a real-parameter family
of non-equivalent holomorphic proper maps from D4 to D, ; whenever r, s > 2 and
r 4+ s = 10 (Theorem 4.2). Here we remark that for studying degree-2 rational prop-
er maps from Ds, to an arbitrary D, g, it suffices to consider only the cases where
r + s < 10 (Proposition 4.1). Finally, we determine all the multipliers that can give
rise to degree-2 rational proper maps from Dj 9 to D33 and hence obtain a complete
description of all degree-2 rational proper maps from Dj 5 to D33 (Theorem 4.3). We
remark that this is the minimal case where there are non-linear rational proper maps.
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2 Notations and definitions

Let H, s be the diagonal matrix such that first r diagonal entries are +1 and the
remaining entries are —1. Define the indefinite inner product of signature (r,s) on
C"*s as

_ t _ _ _ _
<Za w>'r,s - er,sZ =Z1W1 + -+ 25 Wr — Zpp Wy 1 — 0 — ZpgsWeds,

where z = (21,...,245) and w = (wy, ..., w,4s). We also write the indefinite norm
as [|z]175 = (2, 2)rs-

Denote by M(m,n;C) the set of m-by-n complex matrices. The transpose of a
matrix A will be denoted by A’. Let r, s > 0, we denote by U(r,s) C M(r+s,r+s;C)
the generalized unitary group of signature (r,s), i.e. U € U(r,s) if and only if
U'H, U = H,,. We also write U(r,0) as U(r).

Let F : Prts=t ——s P""*+5'~1 be a rational map. Write F = [fy, ..., fvis], where
fj, 1 <j <1+, are relatively prime homogeneous polynomials in the homogeneous
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coordinates [z1, ..., 24| of P"**71. The polynomials f; are only determined by F' up
to a common scalar multiple. With a slight abuse of notation, we will write

r/ r’+s’
P12 0 =Y 152 = Y 1A
=1 j=r/+1

for a given F, although ||F’ ||3,7S, is only well defined up to a scalar factor (depending

on our choice for f; representing F').

Definition 2.1. Let r,s > 1 be positive integers. The domain D,y C P™ 71 defined

by
Dr,s = {Z = [21, C 7zr+s] € PT+S_1 . HZH%S > O},

1s called a generalized ball.

Definition 2.2. A rational map F : P"5~1 ——5 P"+5'~1 45 called a rational proper
map from D, to D,y if there is a connected open set U C P71 in the complex

topology, withUNOD, , # 0, such that F : U — P"+*'~1 is holomorphic, F(UND,.,) C
D,y and F(UNOD,s) C 0D, g. We remark that according to our definition, the
image of D, s under F' may not lie entirely inside Dy .

In this article, we will denote a rational proper map F' from D, s to D, ¢ by

Iy o
F N DT,S -——> ]P)r 51 D) D,r,lys/,

3 Multiplier associated to a rational proper map

Throughout this section, we let ' : D, s --» Prits’=1 5 D, ¢ be a rational proper
map and write F' = [fi,..., fr1y], where f;, 1 < j < r' + &, are relatively prime
homogeneous polynomials of the same degree in Clz1, ..., z.14].

3.1 Multiplier

Proposition 3.1. There exists some real-valued bihomogeneous polynomial Mp €
Clz1, 21, - - s Zris, Zris) Such that

1FN% o = 12017 M.

Furthermore, Mg is uniquely determined up to a positive scalar factor.

Proof. At any point p # 0 € C™**, we have the differential d||z||7, # 0. Let [p] €
Pr+s~1 be the projectivization of p € C"*. Since F is a rational proper map, there
is some neighborhood U containing [p] € P™*~! such that |[F(2)]|? , = 0 whenever
||z||38 = 0. Hence, by shrinking U if necessary, there exists a real analytic function
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p(z,Z) on U such that ||[F||% , = ||z]|7, p on U. Polarizing, we get (F(z), F(w))y ¢ =
(z,w),s p(z,w). Using the identity theorem of holomorphic functions, we then see
that (F(z2), F(w)) € Clz1,w1, ..., 21, W] vanishes on the zero set of the irreducible
polynomial (z,w),s. Therefore, (z,w), s is an irreducible factor of (F(z), F'(w)). The
proposition now follows when we set back w = Z.

It is clear that M is real valued and bihomogeneous since it is the quotient of two
norm-squares and thus its terms contain the same number of holomorphic variables
and conjugate-holomorphic variables. Finally, My is uniquely determined by F up to
a positive scalar factor since the same is true for ||[F||? . O

For a given F', although Mp, like || F ||f,,s,7 is only well defined up to a scalar factor,
this constant factor will be immaterial in the forthcoming discussion. We will thus,
with a slight abuse of language, call the polynomial Mg the multiplier of F'. We have

the following representation for Mp.

Proposition 3.2. Let deg(F) =k and N = T Zt]; -2 . Let Zj,_y be the column
vector consisting of all the monomials of degree (k—1) in z1, ..., 245 arranged in the

lexicographical order. Then there exists an N x N Hermitian matriz Ap such that
MF<Z, 2) = Zz_lAFZk—lu

Proof. As a polynomial in Clzy, 21, ..., 2r1s, Zrts), Wwe have deg(Mp) = 2k — 2. Fur-
thermore, as just mentioned above, every term of Mg contains the same number
of holomorphic variables and conjugate-holomorphic variables. Using the standard
multi-index notation, we can therefore write

- I-J _ 7t
Mp(z,2z) = E arj2 20 =14y 1 ArZi_
[I|=|J]=k—1

if we define the (J, I)-th element of Ar to be a;;. Finally, as Mp is real-valued, we
have a ;7 = a;5 and hence Ap is Hermitian. O

3.2 Unique determination of proper maps by the multiplier

In what follows, we will denote by H,,,, the diagonal matrix whose the first m
diagonal entries are 41, , and the next n diagonal entries are —1, and the last p
diagonal entries are 0. Thus, H,, o = H,,, according to our previous convention.
Lemma 3.3. Suppose

/

m m+n m m/+n’
D lalP = Y laP =D b= D b (1)
j=1 j=m+1 j=1 j=m/+1
where a;j, b; are degree-k homogeneous polynomials in Clzy, ..., zy4s| and {as, ..., Gmin}

are linearly independent. Then, m < m/, n <n/, and there exist a unique non-negative



integer ¢ < m' +n' —m — n, and degree-k homogeneous polynomials ci,...,c, €
Clz1, - 2ras), and W € M(m/ + n',m + n + ¢;C) satisfying W' H,py W = Hypy oo,
such that

b1y b))t = Wa, ..., mgn, 1y - - -5 C)'

Moreover, if {by, ..., by 1w} are also linear independent, then m = m', n =n' and
there exists V € U(m,n) such that

(bl, e ’bm+n)t = V(a,l, e ,am+n)t.

Proof. Rewrite the equation as

m m/+n’ m’ m+n
Dolal e Yo =) bl Y el
j=1 j=m/+1 j=1 j=m+1
It is a standard fact (see [Ng3| for a proof) that there exists a matrix M such that
(ah ceey Qmy, bm’-i—la s 7bm’+n’)t = M(bh s )bm'a Am+1,y - - 7am+n)t-
In particular, for every j € {1,...,m}, there are complex numbers {/;1, ..., fjm }

and {v;1,...,v;,} such that

aj = pj1by + -+ Wi by + Vjt@mgr + -+ Vi

Equivalently, for every j € {1,...,m},

G5 — Vj1Gm+1 — **° — VinQm4n = ,U/jlbl + -+ ,U/jm’bm"

Now if m > m/, then we can find a non-zero vector (&1, ...,&,) € C™ such that

gl,ulf + - +§mﬂm€ =0

for every ¢ € {1,...,m'}. This implies

m m

ij(aj — Vj1Gmy1 =~ VinQmgn) = ij(ﬂjlbl + A W byr) = 0.

J=1 Jj=1

As the functions a; are linearly independent, we have {; = 0, which is a contradic-
tion. So m < m’. Multiplying Eq (1) by —1, we see immediately that we also have
n<n.

We now first settle the case where {by, ..., b, 1} are also linearly independent.
By symmetry, we must also have m’ < m and n’ < n, and hence m = m/, n = n’.
Moreover, in the argument above, the matrix (u;x)1<;, k<m is invertible and we deduce
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that every b;, where 1 < j < m, can be written as a linear combination in a;. By
symmetry, the same holds true for m + 1 < j < m + n. Therefore, we can write

(bl, Ce ,bm+n)t == V(al, e ,am+n)t,

for some invertible matrix V' of rank m + n. Now by Eq (1) and the fact that
{ai,...,amyn} are linearly independent, we see that V'H,,,V = H,,, and thus V
preserves the indefinite inner product of signature (m,n) on C™*™. Hence, V €
U(m,n).

Now suppose that {b, ..., b, 1.} are linearly dependent. Choose p linearly inde-
pendent degree-k homogeneous polynomials dy, . ..,d, € C[z,..., z4s] such that

(bb e ,bmurn/)t == X(dl, ce ,dp>t

for some matrix X € M(m’ + n/,p;C). Consider the Hermitian matrix X*H,, ., X.
There exists a unitary matrix U € U(p) such that

U'X'"Hyp oy XU = Hp, g,
where m + n + ¢ = p. Now if we define
(e1,...,ep) ==Ukdy,...,d,),
then we have

( _m’+n’)Hm’,n’(b1> ‘e 7bm’+n'>t

:( Ty« ,gp)Xth/7n/X(d1, e ,dp)t
(di,...,d))UU'X"H,py  XUU(dy, ..., dp)"
(

= él, ey ép>Hmﬁ,q(€1, e ,€p)t
That i
at 15, m’ m'+n’ m m+n
D= D0 b= el = D el
j=1 j=m/+1 j=1 j=m+1

Combining with Eq (1), and the fact that {a1,...,amsn} and {e1,..., enin} are
linearly independent, it follows from our previous conclusion that m = m, n = n, and
there exists Y € U(m,n) such that

(€1, s emin) =Y (ay, ..., amin)".

Finally, if we let Z = [
W = XUZ, then we have

}(; 19}, where [, is the identity matrix of rank p, and let
P

W'H oW = Hppng



and
(b17 S 7bm/+n/)t = W(a'17 <o Omgn, C1y - ey Cq)tv

where ¢; = €pyntj, J €{1,...,q}. Sincem+n+qg=p<m'+n', we get
g<m' +n' —m—n.

]

Given a rational proper holomorphic map F' between two generalized balls, its
multiplier is uniquely determined by F' (up to a scalar factor). On the other hand,
we are now going to see how an arbitrary real-valued bihomogeneous polynomial in
Clz1, 21y - - -y Zrys, Zris) gives rise to a rational proper map from D, ;. To start with,
we will need the notion of signature of real analytic functions on C”. For our purpose,
we only need to restrict ourselves to the real-valued bihomogeneous polynomials in

C[Zla 21y Zrtss 2T+s]-

Let £ € N be arbitrary and h be a real-valued bihomogeneous polynomial in
Clz1, 21, - - s Zrys, Zris) Of bidegree (k,k). Using the standard multi-index notation,
we write h(z,z) = Z a;72'27 ) where z = (z1,...,2.4s). Since h is real, the

1= |=k

) ) " . kE—1
coefficients a7 constitute an N x N Hermitian matrix, where N = (r st )

k

Diagonalize the matrix (a;;) as

ary = E urkdg UL,
|K|=|L|=k

where (uyf) is a unitary matrix and (dgz) is a diagonal matrix whose diagonal entries
are eigenvalues the of (a;7). Then by considering the polynomials Z urkz’, one sees

|T|=k
that
R S
h(z,2) =Y [P =) [h 1 (2)
j=1 j=1
for some homogeneous polynomials hj, hi in (21,...,2s) of degree k, where R and

S are the number of positive and negative eigenvalues of (a;j) respectively. We will
call the pair (R, S) the signature of h. By construction, the polynomials hj, h; are
linearly independent.

Now fix a generalized ball D, ;. We make the following definition for multipliers
on D, ;.

Definition 3.4. Let M(z,z) € Clz1, Z1, . . ., Zris, Zrrs) be a real-valued bihomogeneous
polynomial, where z = (z1,...,2.45). If there is a connected open set U C P"~1 in
the complex topology, such that U N OD, s # 0 and M > 0 on U N D, 5, then we call
M(z,z) a multiplier on D, ;.



Let M € Clz,21,...,24s, Zr+s] be an arbitrary multiplier on D, ;. Consider
the real-valued bihomogeneous polynomial hy(z,2) = |[z[|? ,M(z,%), where z =
(21, -, 2rys). If M is of bidegree (k, k), then hy; is of bidegree (k4 1,k + 1). Thus,
has has a decomposition (as that in Eq. 2):

R s
hu(z, 2) = Z |hX4,j|2 - Z |hX4,j|2-

j=1 j=1
In particular, if we define the map Fi; : D, s — Dgg, where

Fy = [hﬁl,...,hL’R, Paris - b sl (3)

then F) is a rational proper map from D, s to Dg g. Furthermore, the image of Fy
is not contained in any proper linear subspace.

Definition 3.5. The map F); is called a canonical rational proper map associ-
ated to M.

By our construction, for a given multiplier M on D, ,, the target generalized ball of
any canonical rational map associated to M is uniquely determined and the canonical
rational maps are unique up to the automorphisms of the target. We are going to
show that any rational proper map from D, s to an arbitrary generalized ball whose
multiplier is equal to M can be factored through F); or a trivial modification of F),
(which will be made precise below). For such purpose, we extend the definition of
generalized balls and let

r r4s
Dyog = {[zl, o Erperg) EPTETTLN 2> Y |zj|2} .
j=1

j=r+1
In addition, we extend the notion of rational proper maps to D, s, naturally.

Theorem 3.6. Let M € Clz1,Z1,. .., 2rts, Zr+s) be an arbitrary multiplier on D,
of bi-degree (k,k) and let the signature of hyy := ||szSM be (R,S), where z =
(21, -y 2r4s). Let Foy @ Doy —-» PETS=1 5 Dps be a canonical rational proper
map associated to M and write Fay = [fM, ..., fM gl If F:D,s --» P+~ 5D,
is a rational proper map such that its multiplier is equal to M, then " > R, s’ > S
and there exist a unique non-negative integer Q < r’'+s' — R— S, and degree-k homo-
geneous polynomials {11, ..., ¢%q} C Clz1,..., 245, such that there is a factorization
F=Ho f, where H : Dp s — Dy ¢ 15 a linear proper embedding, and F D, --»
PEHSTR=L 5 Dp s o is a rational proper map, with F=[fM s 1, o).

Proof. Following the previous notations as in Eq (3), we let

_[pt + - —
Far = [Myps oo Py oo - B sl



where

R S
ha (2, 2) = Z |hJ1\r4,j|2 - Z |h]T/[,j|2'
j=1 j=1
is a decomposition of hy,. Let also F' = [fi,..., frris]|. Since M is also the multiplier

of F', we necessarily have deg(F') = k. Then, by our hypotheses,

R S r! r'+s’
har(2,2) = Y Wi P =D b lP =D 1A= D0 161
Jj=1 Jj=1 Jj=1 Jj=r'+1

Since the polynomials hLJ and h), ; are linearly independent by construction, it
follows from Lemma 3.3 that " > R, s’ > S and there exist degree-k homogeneous
polynomials {¢1,...,9q} C Clz1,...,24s), where Q < r'+5 — R — 5, and W €
M(r' +s', R+ S + Q; C) satisfying W'H,» W = Hg 50 such that

(fiooo oy frae) = W(hj/m, U hLvR, Paras- s hargs 1, o) (4)

Now, it is immediate that the map F : D, s — Dp s defined by

F =1y hi g Py b, 1, - - 0]

is a rational proper map. Furthermore, if we define H : Dg g — D,/ ¢ by

R+S+Q R+5+Q
H([Cl; ey CR-{—S—I—Q]) = Z wl,jCj s ey Z wr’-{—s’,jgj ,
j=1 7j=1

where W = (w; ;), then H is a linear proper embedding and F = H o F' from Eq (4).
The proof is now complete. O

4 Rational proper maps from D,

The complex unit balls B® C P" are special cases of generalized balls, and so are the
complements of their closures, i.e. P"\B". They are also precisely the generalized balls
whose boundaries do not contain non-trivial complex analytic subvarieties. Other than
these special cases, the simplest generalized ball is Doy C P3. Its boundary contains
a family of P! parametrized by the unitary group U(2) [Ng2]. The existence of non-
trivial compact subvarieties in the boundary is crucial to the study of generalized balls
(see [Ngl, Ng2|, for example). In the rest of this article, we will focus on the rational
proper maps from Ds 5 to another generalized ball.

Let r,s > 2 and F : Dyy --» P"™~1 5 D, be a rational proper map. From
the results of Baouendi-Huang [BH], it is known that F is equivalent to the standard
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linear embedding if (r,s) = (2,2), (2,3) or (3,2). On the other hand, by considering
the following simple example of a rational proper map from Dj 5 to Ds 3, given by

[217 29, %3, 24] — [237 \/521227 Z%J Z§7 \/523247 ZZ];

we see that similar rigidity does not hold for r, s > 3.

We first have the following observation for rational proper maps from Dy with a
fixed degree.

Proposition 4.1. Let ' : Dy --» pPri+s’=1 5 D, ¢ be a rational proper map and
deg(F) = k > 2. Then there exist unique integers m,n,q > 0, with 3 < m < 1/,

3<n<sd, m+n< <k§3>, g <r"+s —m—mn, and a degree-k rational
proper map F' : Dyy ——» P71 5 Do with FY o= [f],... f W), such that

there is a factorization F=Ho F where H @ Dy, pq — Dy g 15 a linear proper
embeddmg and F - Dy o —-» P¥ta=t 5 D 08 a rational proper map, with F =

[fl, o m+n, Y1, ..., ] for some degree-k homogeneous polynomials {11, ... 1, } C
C[Zl, 22, 23, 24]-

Proof. Let hp = ||F||% . Then hp is a real-valued bihomogeneous polynomial in

Clz1, 21, - - -, 24, 24] of degree (k,k). Thus, if we write hp = Z a;72'z’ using
|11 |=k
the multi-index notation, then the coefficients a;; constitute an N x N Hermitian
matrix, where N = ;_3), which is the maximum number of linearly independent
degree-k monomials in C|zy, ..., z4]. Therefore, if (m,n) is the signature of hp, then
we must have m +n < N. Now by Theorem 3.6, we have m < ', n < ¢ and
there exist a unique non-negative integer ¢ < 7' + s’ —m —n, and a linear proper
embedding H : Dy, g — Dy ¢ such that F' = H o F, where F': Dyg —-» Pmtntel 5
Dy, 4 1s a rational proper map, with F' = [fl, o iy W15 -+, W), for some degree-k
homogeneous polynomials {¢y,...,1,} C (C[zl, 2o, 23, z4) and FT o= [fl ... fI . Tis
a canonical rational map associated to hp/| 2|3, Finally, since deg(F) > 2, we have
m,n > 3 since otherwise F' is necessarily of degree 1, as mentioned above. O

4.1 The degree-2 case

In this section, we are going to look closely at the degree-2 rational proper maps
from Dys to an arbitrary generalized ball. Let F' : Dyy --» Prts-1 o D, s be a
degree-2 rational proper map. By Proposition 3.1, there corresponds a real-valued
bihomogeneous polynomial M € C[zq, Z1, . . ., 24, Z4] of bidegree (1, 1). Conversely, by
Theorem 3.6, any rational proper map from D;5 to another generalized ball having
the same multiplier M, is essentially a canonical rational proper map associated to
M, up to trivial modifications. Thus, together with Proposition 4.1, we may, for the
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purpose of studying degree-2 rational proper maps from D, 5, restrict ourselves to the

cases where s > r > 3, with r + s < (g) = 10.

Recall that a canonical rational proper map associated to M is obtained by com-
puting a decomposition for

har(2,2) = (al + |2l — [zl — |2 M(2, 2)
= Z|hX4,j’2_Z‘hzT/f,j|27
j=1 j=1

where hxﬁ, hy; are linearly independent homogeneous polynomials of degree 2 in
C[Zla 21, %3, 24]'

Now let M(z,z) = (21, Z2, 23, 24) A (21, 22, 23, 24)" € Cl21, Z1, - - -, 24, Z4] be a mul-
tiplier on Do, where Ay = (a;;) € M(4,4;C) is a Hermitian matrix. We also write
z = (21,22, 23,24)" and Z = (2%, 2129, 2123, . . ., 22)!, in which elements are arranged in

the lexicographical order. Then,

ha(z,2) = (|2 + |2 = |2sf® — |2a?) M (2, 2)
1 0 O 0
01 0 0
"
=200 -1 o0 zM(z, 2)
00 0 -1
M(z,2) 0 0 0
0 MEn o 0 ]
- 0 0 —M(z,z) 0
0 0 0 —M(z3)
zZ' Az 0 0 0
- —t 0 ZtAMZ O O 7
- 0 0 —ZtAMZ 0
0 0 0 —z'Ayz
z 000\ /Ay 0O 0 0 z 0 00
_ 5 0z 0O 0 Ay 0 0 0 z 0O ”
o 0 0z O 0 0 Ay 0 0 0 z O
0 0 0 z 0 0 0 — A 0 0 0 z
Ay 0 0 0 2z
o - - _ 0 AM 0 0 297
= (le 297 237 Z4Z) 0 0 —AM 0 237
0 0 0 — Ay 247
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where

aiq a1 ai13 ai4 0 0 0 0 0 0
az1 a1+ a92 a3 a24 a2 a3 a4 0 0 0
asi ass azz — aii as4 0 —aj2 0 —a3 —a14 0
a4l Q42 a43 agge —arr O 0 —a12 0 —a13 —a14
0 a1 0 0 as2 a93 a4 0 0 0
By =
0 asy —ao 0 agz a33 — A22 a4 —as3 —ao4 0
0 a41 0 —as a4 a43 Q44 — Q22 0 —ass —ao4
0 0 —asi 0 0 —as2 0 —as3 —a34 0
0 0 —ay41 —agy 0 —ay42 —agz —Q43 —033 — Q44 —034
0 0 0 —Q41 0 0 —a42 0 —Aa43 —aq4

The signature of By, (as a Hermitian matrix) will determine the generalized ball
D, ; to which Dy, is mapped by a canonical rational proper map Fj, associated to
M. Furthermore, a maximal linearly independent set of eigenvectors of the non-zero
eigenvalues of By, give precisely the coefficients (with respect to the basis Z) of the
component functions of a canonical rational proper map associated to M. It turns
out that by considering only multipliers of the diagonal type, we can obtain degree-2
canonical rational proper maps Do --» P"™5~1 D D, ¢ for all possible pairs (r, s) (i.e.
r 4+ s < 10, as given by Proposition 4.1). These examples are listed as follows.

M(z,z2) (r,s) M(z,z2) (r,s)
|21[* + |22|* + |23]% + [24]? (3,3) | 2lz1]* + |22 + 2|z8]* + [2a]? (4,4)
21> + |22 (3.4) | 3laaf® + |22 + 2[z8]* + [2a]? (4,5)
2|21 |% + |22)? + | 23] + |24)? (3,5) 412112 + 2| 22| + 3|23|% + |24/? (4,6)
3|z1|% 4 2|22|* + 2|23]? + |24 (3,6) 2|21]% + 2|22|? + 3|23|* + |24)? (5,5)
2|11 + 2|22)? + |23] + |2a]? (3,7)

Note that the canonical rational proper maps associated to the multipliers given
in the above table are actually holomorphic proper maps. The holomorphicity follows
from the fact that the above multipliers are all strictly positive on Dj 5 and hence the
indeterminacies of the rational maps are outside Dy .

Consider the canonical left action of U(2,2) on D, 5 given by matrix multiplication,
Le. for V e U(2,2), the point [z1, 29, 23, z4] € D25 is mapped to [21, 22, 23, 24]V*. Then
U(2,2) also acts on the set of multipliers of bi-degree (1, 1) naturally,

M(Z, 2) = (217 227 23; 24)AM(217 22y %3, 24)t

= M(V)(zv 2) = (217 §2a 237 24)VtAMV(Zl7 22, 23, 24)t7 (5)
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for Ve U(2,2). That is, Ay = VtAMV. Conversely, it is clear that the canonical
rational proper maps given rise by M (z, z) and M(V)(z, 2) are equivalent up to actions
of U(2, 2) on D272.

For the maximal rank case, we have the the following:

Theorem 4.2. For each of the generalized balls D, s withr,s > 3 and r+s = 10, there
exists a real-parameter family of degree-2 proper holomorphic maps Fy : Doy — D, g,
such that F; and Fy are not equivalent if t # t'.

Proof. Fix a generalized ball D, ; with r, s > 3 and r 4+ s = 10. From the above table,
we see that there is a holomorphic proper map Fy : Dy o — D, ¢ whose multiplier M, is
given by a positive-definite diagonal matrix. Recall that, if we let hg (z,2z) = || Fo||?

7,87
then hp, = ||2]13,Mo(2, Z).

Write My(z,2) = (21, 2o, 23, 24) Ao (21, 22, 23, 24)", where Ag € M(4,4;C) is a real
diagonal matrix. Denote by H(4) C M(4,4;C) the set of 4 x 4 Hermitian matrices.
Since hp, is of maximal rank, there is a neighborhood U of Ay in H(4) such that for
every A € U, the function ha(z,2) = ||2]|3,Ma(z, %) is also of the same signature
as hg,. (Here, Ma(z,2) = (21, Z2, 23, 24) A(21, 22, 23, 24)".) Furthermore, as My(z, 2)
is strictly positive on P3, by shrinking U if necessary, every A € U will give rise to
a multiplier Ma(z, z) which remains strictly positive on P? and thus the canonical
rational proper maps associated to ha(z, z) are also holomorphic, for every A € Y.

Consider now the canonical left action of U(2,2) on Dys and the induced action
on the set of multipliers of bi-degree (1,1), as given in Eq (5). Let £ C U(2,2) be
the subgroup consisting of diagonal matrices. Since A, is diagonal, we see that F
belongs to the isotropy subgroup of U(2,2) fixing My. Now dimg(U(2,2)) = 16 and
dimg(E) = 4, but dimg(U) = dimg(H(4)) = 16, we thus see that there exists a real
parameter family {A4; : ¢ € (—1,1)} C U such that A; and Ay are not equivalent
under the action U(2,2) whenever t # t'. Then {A; : t € (—1,1)} gives a family of
holomorphic proper maps from Ds 5 to D, ; which are pairwise non-equivalent and the
proof is complete. O

4.1.1 Complete determination of multipliers for the minimal case

We will now determine (up to automorphisms) all the multipliers whose canonical
rational proper maps are of degree 2 and are from D;5 to Ds3. To start with, we
do certain normalization for A,; to simplify the problem, as follows. As before, we
write the multiplier M(z, 2) = (Z1, Za, Z3, Za) An (21, 22, 23, 24)F, where Ay = (a;;) €
M(4,4;C).

Given a rational proper map F from Dyy --» P71 5 D, since the set of
indeterminacy of F' is of co-dimension at least 2, a general line sitting inside D, 5 does
not intersect the set of indeterminacy. We may assume that L = {[z1, 22,0,0] C Dqy :
[21, 22] € P1} is one of such lines. Moreover, by composing with some automorphism,
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we may further assume that || F'([1,0,0,0])[|Z, # 0, || F([0,1,0,0])||? , # 0 since the zero
set of || F'||?, is at least of real co-dimension 1 in P*. The condition || F([1,0,0,0])|]7, #
0 gives a1y # 0 and [|F([0,1,0,0])[]?, # 0 gives ass # 0.

Recall the canonical left action of U(2,2) on Ds 5 and the induced action on the set

of multipliers of bi-degree (1, 1), as given in Eq. (5). Since {au alﬂ and {a‘g?’ a34}
as1 A99 A43 Q44
Uy 0

0 UJ e U(2) xU(2) C U(2,2)

are Hermitian, we can choose an element U = [

such that both
Ut1 {(111 CL12] U, and U; [CL33 a34] U,
a1 G22 Q43 (44
are diagonal matrices. Note that such an automorphism on Dy, fixes the line L and
therefore, combining with the previous paragraph, we may now take

a1 7é 0, 929 7§ 0 and Q12 = A1 — Q34 — Ay3 — 0. (6)

Under this normalization, we will then determine all possible A, (and hence all
multipliers M (z,Z)) whose canonical rational proper maps are from Djs to Dss.
The computation details are given in Section 5, where the solutions are computed in
different cases. We observe that some cases there can be combined and we list the
final (combined) solutions here.

There are three types.

Type A
a 0 acke’®s  \/adle?
0 b Vbcle®s  \/pdke2
acke= 13 \/pelei02s c 0 ’
adle™ 4 \/bdke 024 0 d

where a,b,c,d, k, 0,013,014, 023,624 € R, such that ab # 0, ack > 0, adl > 0, bel >
0, and either
a+b=c+d

a=b=c=d or { '

Furthermore,
013 + 024 = 614 + Oo3 + .

Here we have combined the solutions for Sub-case 1.1, Sub-case II.1, Sub-case
I1.3, the first two solutions in Case IV computed in Section 5.

Type B
a 0 ret1s  peitis
0 —a  refs et
re~ s pe—ibas 0 0 ’
re~a  pe—ib2 0 0
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where a,r € R, with a # 0, and 6,3, 014, 023, 024 € R satisfying

013 + O24 = 014 + Oos.

Here we have combined the solutions for Sub-case 1.2 and the last solution of
Case IV computed in Section 5.

Type C
a 0 0 O
0 b 0 re?
0O 0 ¢ 0 |’
0 re® 0 d
where a, b, c,d,r,0 € R, such that ab # 0 and
a+b = c+d
cla—c) = 0
bd —ac = 12

Here we have combined the two kinds of solutions for Case III computed in
Section 5.

4.1.2 Determination of all degree-2 rational proper maps from D;5 to Ds3

We can now determine all degree-2 rational proper maps from Dj 5 to Ds 3.

Theorem 4.3. Let F : Dyy --» P° D Dy 3 be a degree-2 rational proper map. Then
F is equivalent to either (i) a canonical rational proper map associated to a multiplier
of Type A, Type B, or Type C; or (ii) a rational map of the form

[Zla 22,23, 24] — [Zl(pa 220, ¢7 23P, 24P, w]>

where @, € Clzy, 22, 23, 24] with deg(yp) =1 and deg(v)) = 2.

Proof. Let hp = ||F||35 and let its signature be (r,s). Then we have r + s > 4 since
otherwise a decomposition of hr as in Eq (2) of Section 3.2 would give a rational
proper map from Dy to D, s with r + s < 3, which does not exist.

If r+s = 4, then we necessarily have » = s = 2 and any canonical rational proper
map FT associated to the multiplier hp/| 2|3, is from Dy to Dys. On the other
hand, it is known that any local proper holomorphic map from Dy to D5 is the
restriction of an automorphism of Dy by Baouendi-Huang [BH|. But deg(F) = 2
and thus the only possibility is that, up to an automorphism of D, 5, we have

F' = [210, 2200, 230, 240),
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for some degree-1 polynomial ¢ € C[z1, 29, 23, 24]. Now by Theorem 3.6, there is a
non-negative integer ¢ < 2 and a linear proper embedding H : Dyo o — Ds3 such
that F = Ho ﬁ, where F : Dyo -+ PE+3 5 D55 ¢ is a rational proper map with F=
(210, 20, 230, 240, Y1, Yg], for some degree-2 polynomials {¢1,19q} C Clz1, 22, 23, 24).
(In case @ = 0, we have F= (2190, 200, 230, z4¢p].) Note that the existence of the linear
proper embedding H is equivalent to the existence of a matrix W € M(6,Q + 4;C)
of full rank such that W'H; 3W = Hy5 . We thus deduce that = 2 is not possible

and hence ) =0 or Q = 1.

When @ = 0, the component functions of F are not relatively prime and the “true”
degree of F' and F' is actually 1 and therefore should be neglected. When @) = 1, by
composing with an autormophism of Ds 3 if necessary, we can always assume that

000

(el olNoNoll S
(el ololl ™)
O O = OO
o= O OO
_ o O = O

Thus,

F=Ho ﬁ = [21907 2P, 23, 24P, wl] ’ Wt = [21907 220, ¢17 239, 249, ¢1]

If r4s = 5, then any canonical rational proper map F'T associated to the multiplier
he/||z]55 is from Das to Dy (or Dss). And again by Baouendi-Huang [BH], any
local proper holomorphic map from Dss to Dag (or Dss) is a restriction of a linear
proper embedding and therefore up to automorphisms, F' must be proportional to
Fy := [z1, 29, 23, 24, 0] (or F{ := [21, 29,0, 23, 24]). This contradicts the fact that hp is
of signature (2,3) (or (3,2)).

Finally, if r +s = 6, then using a similar argument as above, it is easy to see that
we must have (r, s) = (3,3) and hence F' is a canonical rational proper map associated
to a multiplier of Type A, Type B or Type C. [

5 Appendix

In this section, we provide the details for solving all possible Hermitian matrices

a;r 0 a3 auy
0 axp a3 an

az; asp asz 0

ag; ago2 0 agy

A:

Y

where a;; # 0, ass # 0 (c.f. Eq. (6)), such that the corresponding multiplier
Mu(z,2) := (Z1, 22, 23, 24) A(21, 22, 23, 24)" gives rise to canonical rational proper maps
from D272 to Dg’g.
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Let ha(z,z) == ||2]5,Ma(z, 2) = Z' BAZ, where

ail 0 ais a14 0 0 0 0 0 0
0 a1 +a ao3 a24 0 a3 a14 0 0 0
a3y as2 azsz — ail 0 0 0 0 —a13 —a14 0
as1 a42 0 ags —ayr 0 0 0 0 —a13 —a14
Ba— 0 0 0 0 a2 a23 a24 0 0 0
A 0 asy 0 0 azz asz — a2 0 —as3 —ag4 0
0 a41 0 0 42 0 (44 — A22 0 —as3 —ao4
0 0 —asi 0 0 —as2 0 —ass 0 0
0 0 —a41 —ag; 0 —a42 —agzz 0 —a33 — a44 0
0 0 0 —a4q1 0 0 —a42 0 0 — Q44
and Z = (22, 2129, 2123, - . -, 21)", in which elements are arranged in the lexicographical
order.

Recall that the if M 4(z, Z) is a multiplier on D, 5 and the signature of B4 (which is
the same as the signature of h,) is (r, s), then the canonical rational maps associated
to My are from Dy5 to D, . Since we are looking for canonical rational maps from
Dy 5 to D33, we have rank(B,4) = 3+ 3 = 6. In addition, it is known that (i) there are
no local proper holomorphic map from Dy to D, if r =1 or s = 1; and (ii) every
local proper holomorphic map from Ds o to Dy 4 or Dy is equivalent to a linear map
and hence of degree 1. Therefore, it suffices to determine all matrices A such that
rank(B,4) = 6.

Remark. There is actually an additional condition on A for M4 to be a multiplier
on Ds 5, namely, there exists a connected open subset U C P? with U N ODys #
such that M4 > 0 on U N Dys. We note here that by replacing A by —A if necessary,
such condition is always satisfied. Moreover, if B4 is of signature (3,3), then the
signature of B_ 4 is again (3,3). Therefore, for the purpose of determining all degree-
2 rational maps from Dy 5 to D33, we just need to determine all matrices A such that
rank(B,4) = 6.

For later convenience, we let By = (by, ba, ..., b1o).

We will divide the problem into cases according the number of zero elements in
the matrix (a13 a14> == <a31 g), as follows:

a3 Q24 azy G4
Case I: There is at most one element equal to zero.
Case II: There are two elements equal to zero.
Case I1I: There are three elements equal to zero.
Case IV: There are four elements equal to zero.

We will provide most of the calculation detail for Case I and Case 11 since these
are the cases with most non-zero coefficients and hence are the most difficult. For
other cases, the calculations are along the same line and we will simply state the
solutions.

18




5.1 Casel

By exploiting the symmetry (21, 22, 23, 24) > (21, 22, 24, 23) of Day, We may assume
that
a3 # 0, ag 7é 0.

Thus, we also have
azt =a13 # 0, as =axy #0.

We further divide it into two sub-cases.

5.1.1 Sub-case 1.1: aj; + ag #0

We choose the following six columns of By:

(b17 b37 b97 b57 b27 blO)

a1 a13 0 0 0 0
0 ao3 0 0 a1 + ag 0
as; agz — ai —a14 0 asp 0
Q41 0 —ai3 0 Q42 —Qa14
. 0 0 0 929 0 0
N 0 0 —Q24 a32 a31 0
0 0 —ag3 42 Q41 —Q24
0 —Aasy 0 0 0 0
0 —aqy1 —as3 — a44 0 0 0
0 0 0 0 0 —Qay4

These six columns are linearly independent, which can be seen as follows. Obvi-
ously rank(bs, bs, b1g) = 3 since ageaziass # 0. Then rank(bq, bs, bs, ba,big) = 5
since aqas; # 0. Finally, if

bg = B1b1 + fsbs + B5bs + B2bz + Biobio,

then 3 =0 (asaz #0) = 1 =0 (asann #0) = 5 =0 (as an # 0) = o =0 (as
a1 + agy # 0) = bg = P1gb1o and we arrive at a contradiction as agy # 0.

The condition rank(B,4) = 6 now implies {by, b7, bg, bg} C Span {b;, bz, bg, bs, ba, b1o}.
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Thus,

a14 0 0 0
a24 ai4 0 a13
0 0 —a13 0
a44 — a11 0 0 0
0 a24 0 a23
0 0 —Q23 Q33 — G22
0 aq4 — A2 0 0
0 0 —ass —as32
—asz1 —aszo 0 —a42
—ag1 —Q42 0 0
Mo 0
Y2 0o
. ) 1)
for some unique matrix X = T8 0
Ya 04
V5 05
Y6 6

K
M2
J25]
Ha
M5
He

ail

a3l
a41

[an)

o O O

"
)
V3
Vy
Vs
Vg

ais 0
a3 0
az3 — aii —ai4
0 —a13
0 0
0 —ag4
0 —a93

—asl 0
—a41 —a33 — a44
0 0
€ M(6,4;C).

0 0 0

0 ain+axp 0

0 as2 0

0 a4 —aiq
a9 0 0 X,
ass asy 0
a42 aq —az4

0 0 0

0 0 0

0 0 — Q44

Given a column on the left-hand side, say the first column, one can choose six

rows on the right-hand side to solve for (v, ..

.,%)- Then the remaining four rows

will give compatibility equations in a;;. The set of equations obtained in this way for
each column on the left-hand side will then be solved to obtain the solution for a;;.

Lemma 5.1. ayy # 0

Proof. The last row implies the lemma since aso # 0.

First column

5th row gives 4 =0 —> 8th row gives
a
—> Ist row gives v = -4 =—> 10th row gives
an
a
—> 2th row gives 5 = —2  — 9throw gives
a1 + a2
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Compatibility equations

6th row:

—a4y3 + az1ys =0 < Q11 1+ Q22 = A33 + Qyy
3rd row:

aziy — a14y3 + azeys =0 < Q11024032 = (22014031
7th row:

—a237Y3 + G415 — G246 = 0 < —0a33024041 = Q44023031

4th row:

_ |ar|® _ |a1s]? — |aga|?
Q44 — Q11 = Q4171 — Q1373 + Q4275 — Q14Y6 <= (a11 - a44) 11— =
a11Q44 a1 + 929

These equations also imply

Lemma 5.2. as3 # 0.

Proof. 1f azzs = 0, the equation from 7th row gives as3 = 0. But then the equation
from 3rd row gives a;4 = 0. We get a contradiction since we are in Case I. ]

Second column

The equations are the same as those obtained in first column after switching 1 < 2
in the subscripts of a;;. Thus, there is only one new equation here:

Compatibility equation

o -y (1 ) _ ol —
22044 ain + ago

Third column

5th row gives g =0 —> 10th row gives g =10
a —aq3a
= 8th row giveS Mo = 33 — 1st row giVGS = Bladt:ntc)
a31—a a CL11_CL31 "
—> Oth row gives 3 = 7 ond row gives 5 = 23733

as1(ass + aqq) asi(an + a)
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Compatibility equations

(We will take into account aq; + age = ags + a4y, and asz # 0, which are obtained

carlier.)

4th row:

asfn — Gizpls + Qazfts = 0
6th row:

—Q23 = —A24/43 + A31/l5
7th row:

—ag3ftz + agipts =0

3rd row:

—a13 = ag1 iy + (az3 — arn) e — arafts + asafis

Fourth column

10th row gives

—> bHth row gives
—> 2nd row gives v =

Compatibility equations

=0

23

a22
16113|2 - |0023|2

azi(ayy + ags)

< —G11023042 = (22013041
& —033024041 = Q44023031
< 0=0
2 2 2
1 |a13| . |6L14| - |a23|
= ((IH - CL33) — =
11033 a1 + a2

. as2
—> 8th row gives vy = —
Shsa
: —a13032
—> 1Ist row gives v} = ———
as1a11
. 31042 — 32041
= 9th row gives 13 =

as1(ass + aqq)

(We will take into account aqq + age = ags + aqy, and azs # 0, which are obtained
earlier.)
3rd row:
2 2 2
|a13] |Cl14| - |<l23|
asivn + (ass — an)vo — apuvs +agvs =0 < (a1 — ass) (1 - =
a11a33 a1 + aga
4th row:
_ 2 _ 2
g1V — A13V3 + agovs = 0 & aass|ais]’ = arnaga|ass)
6th row:
2 2 2
|a23| |a13| - |a24|
a33 — A3 = —A24V3 + a32V4 + az1vs = 0 & (as3 — age) (1 — =
22033 a1 + aga
7th row:
_ 2 _ 2
—ag3V3 + QqoVy + agvs = 0 & anaglais]” = ar1ass|agl
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Remark. The equations —ai1a94a30 = aooa14a31 and —aszassas; = a44a93a31 obtained
earlier have been used to simplify the compatibility equations for 4th and 7th rows.
Then the latter equations are in turn used for simplifying the compatibility equations
for 3rd and 6th rows. We also have used the following lemma.

Lemma 5.3.
(a33 - all)(an + CL22) = 33022 — Q11044

and similar equations hold when switching the subscripts by 1 <+ 2 or 3 <+ 4.

Proof.

(ass — a11)(ain + ag) = ass(an + ag) — ar(arr + age)
= agz(a11 + az) — a11(ags + ag)

= a33022 — A11Q44

]

Now we gather all compatibility equations obtained earlier and keep the indepen-
dent ones.

Complete set of compatibility equations
@11 + Qg2 = A33 1 Qaq
—0a11024032 = A2201403]1

—Q33024041 = Q44023031

o - (1 2317 _ bl
11633 ain + ago
|6L23|2 ) |0l13|2 - |a24|2

As3 — @ 1-— —

(azs 22) ( 22033 a1 + Qg

Since we are in Case I, we see from the 2nd equation that agy, # 0 and a4 # 0.
Now the 2nd and 3rd equations give

a3 * _ |a24]”

2 2
and 1220 _ ol (%)
a110a33 (22044 Q22033 11044

Using these, together with Lemma 5.3, we can further simplify the last two equa-
tions and finally obtain
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a11 + Qoo = A33 + Qg4
—a11024A32 = A220140A31
—a33024041 = A44G023031

_ Jass|? _ |ass|?

a11a33 (22033

2 2
(agg_a22) (1_ |a13| . |a23] ):O

I
o

(&11 - Cl33) 1

a110a33 (22033

If

_ |as|” _ |ass|®

11033 (22033

1 £ 0,

then we have 11 — A3z = Q33 — A2 — 0, which 1mphes 11 = Q92 = Q33 — A44 and (*)
gives |ay3|* = |ag|* and |ags|? = |a4]?. The remaining equations are

—Aa24G32 = Q140431 and — Q24G41 = Q23031-

Hence, if we write
a1 = Q22 = A33 = Q44 = @

a3 = pewm, a4 = 0'61014, Qo3 = O’€Z923, QAoq = pe’024,

where a, p,oc € R* and 613, 093, 014, 024 € R, then we only need

013 + 024 = 014 + o3 + .

Now, if
2 2
1— a3 . | a3 —0,
api@ss Q22033
2 2 2
we let Jass|? = k and Jass” = (. Then from (%) we also have Jaad” = k and
) a11033 Q22033 22044
|a14

= {. If we further let
A11Q44

an = a, azy = b, ass = ¢, agy = d,
then k,¢,a,b,c,d € R need to satisfy
a+b=c+d and k+4+/(=1,

with ack, adl,bcl € RT,
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Finally, if we write
ars = Vacke”s, ayy = Vadle™, agg = Vbcle, a9y = Vbdke**,
where 0,3, 014, 023,024 € R. Then, the compatibility equations are satisfied if
013 + Ooq = 014 + O3 + .

Solutions for Case 1.1

To summarize, we have

a1 0 a3 au a 0 acke®s  /adle

0 agp axs as | 0 b Vbcle®2s  \/bdke??
as1 asgy azgs 0 | acke™13  \/hele 2 c 0 ’
ag1 a2 0 agy adle™®14  \/bdke 024 0 d

where a,b,c,d, k, {013,014, 023,024 € R, such that

ack,adl,bcl € R
a+b=c+d
kE+/0=1 or a=b=c=d
Oz + Oy = 014 + O3 + .

5.1.2 Sub-case 1.2: a;; + a9 =0

In this sub-case, the six columns chosen at the beginning of Sub-case I.1 are no
longer linearly independent. In fact, if they were linearly independent, then by going
through the same linear algebra as in First column there, we immediately deduce
that rank(B4) > 7.

On the other hand, by the argument for linear independence given at the beginning
of Sub-case 1.1, we see that we still have rank(by, bs, bs, b2, b1g) = 5. In addition
to these five, we now choose by (instead of bg), which is easily seen to be linearly
independent of {by, bs, bs, bs, b1g}. Hence, we can now carry a similar process as in

Sub-case 1.1 to get other equations on a,; using the six linearly independent columns
{bly b3a b47 b57 b27 blO}'

The condition rank(B,4) = 6 now implies {bg, b7, bg, bg} C Span {b, bs, by, bs, ba, b1g}.
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Thus,

0 0 0 0 aill ai3 aiq 0 0 0
0 aiq 0 a3 0 a3 a4 0 0 0
—ay 0 —a13 0 azy asz —ap 0 0 az O
—ai3 0 0 0 a4 0 agg —ain 0 as2 —au
0 agq 0 a3 . 0 0 0 as9 0 0 X
—a24 0 —a23 (33 — a2 0 0 0 az2 azr 0 ’
—as3 agg —az 0 0 0 0 0 as2 a4q1 —aq
0 0 —ass —as2 0 —asl 0 0 0 0
—a33 — Q44 —agy 0 — Q42 0 —ay41 —agzy 0 O 0
0 — Q42 0 0 0 0 —Aaq41 0 0 — Q44
M o0 p1 ow
Y2 02 pp Vo
. ) 0
for some unique matrix X = T30 M3y (6,4;C).
Ya 04 Ha Uy
V5 05 Hs Vs
Y6 06 Me Vs
First column
5th row gives v4 =0 —> 8th row gives 7, =0
—> 2nd row gives 73 =0 —> st row gives v =0

. —ag4 . Q23031 — 240471
—> 6th row gives 5 = = T7th row gives 5=
a31 a24G31
Compatibility equations
3rd row:
—Q14 = A3275 < Q14031 = 124032
4th row:

—Qa13 = Q4275 — A14Y6 = |6113|2 + |a14]2 = |a23|2 + |Cl24|2

9th row:

—a33 — agq = 0 & azz+agy =0

10th row:

—a4476 = 0 & ays(agzas — azaq) =0

Lemma 5.4. a14Q93 7é 0

Proof. Since we are in Case I, the result follows easily from the first compatibility
equation. N
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Second column

. . A24
8th row gives 9y =0 —> 5th row gives 0, = —
22
. —@24032 . as2
—> 6th row gives 05 = ———— = 9th row gives 3= —
aéﬂgl asy
: — 14032 .
—> 1st row gives 0 = ——— = Tth row gives
a110a31
1 |CL24|2 A24A32041
06 = — | a2 — aas + -
a9y 22 (22031

Compatibility equations

(We will take into account a4 # 0 and agz # 0, which are obtained earlier.)

2nd row:
a14 = 2403 < (14031 = (24032
3rd row:
a3101 + azzd5 = 0 < Q14031 = 24032
4th row:

4101 + (a4q — @11)03 + 4205 — 1496 = 0 < |Cl14|2 — ‘(124|2 —ajagy =0
10th row:

—Q4p = —4103 — Q440 = (a22 - a44) (|Ol14|2 - \@4\2 - a11a44) =0

Third column

. ) —a
5th row gives 4 =0 =—> G6th row gives pus = 2
az1
. a . —a33041
—> 8th row gives s = -3 =—> 9th row gives pu3 = 323
asz1 a3y )
. —Q23041 . a Q14
—> O6th row gives g = L st row gives = B (u — a13>
24031 11031 a31

Compatibility equations

(We will take into account a4 # 0 and agz # 0, which are obtained earlier.)
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2nd row:

ag3ple + agafts = 0

3rd row:

—a13 = agify + (as3 — a11) e + asapts

4th row:

aspy + (agq — ar1)ps + agapis — arapg =0
10th row:

—Qy b3 — Qaafte = 0

Fourth column

. 23
5th row gives vy = —
22
) 1 32041
—> Oth row gives 1v3=— (a4 —
as1
1

—>  G6th row gives 15 =—
asi

a1

1 [a
— lst row gives 13 = — {ﬁ

Q24 | A31

1 |a ags|? as3a
—>  Tth row gives 15=— [ﬁ <a33—a22—| 23] >+ 23 42}

Compatibility equations

a3 a3

G44(Cl23a31 - CL24CL41) =0

(a33 - Clll)(|6l13|2 - a11a33) = 6133|Cl14|2 - Cl11|6l23|2

(044 - 011)(|014|2 - 011044) = a44|a13|2 - a11|a24|2

aqs(agsasz) — agaa41) =0

) a
—> 8th row gives 1y = 32

a31

33 — Q22 —
22

32041 a13a32

a3

22 22

(We will take into account ay4 # 0 and ag3 # 0, which are obtained earlier.)

2nd row:

(13 = Qo3l2 + Q24V3

3rd row:

asiv1 + (ass — a11)ve + azavs =0

4th row:

agv1 + (Gaa — a11)V3 + Gaals — a1416 = 0
10th row:

—ay1V3 — Qa6 = 0
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14031 = A240A32

|(114|2 + |6L23|2 — |Cl13|2 — |CL24|2 = 2a11a44

Q24|” — |Q14 13 A23|" — |Q14 =
(lagal® — [a1a]?) (Jaas]? + [azs]* — |awa|*) = 0

(033 - 022)(|a24|2 - 022044) = CL33|(123|2 - a22|a14|2



Now we gather all compatibility equations obtained in this sub-case and keep the
independent ones.

Complete set of compatibility equations
as3 + agq =0
14031 = (240432
|as3|* + ara]* = [ass|* + [asal®
asq(|ara]® — |azs|*) = 0
|(114\2 - ’6124|2 = 11044

(Jara)* = |azal?) (la1s|* + |ass|* — awa|*) =0

Before solving the equations, we first prove that:

Lemma 5.5. a33 = a4q = 0

Proof. Suppose ayq # 0, then the fourth equation above implies that |ay4| = |ass].
From the last equation we get |a14| = |a24|, which contradicts the fifth equation.Thus,
ass = 0 and hence azz = 0 from the first equation. O

By Lemma 5.5, our equations now become
as3 = agq =0
14G31 = Q240432
|ass|?* + [a1a]? = |ags[* + |agaf?

|ay|* = |as|®
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Solutions for Case 1.2

It is now easy to write down the solutions for this sub-case.

a 0 ret1s  peitia

0 —a ret2s  peif
re~ s pe—ifas 0 ’
re~ s pe=u 0

where a,r € R* and 013, 014, 023, 024 € R satisfying

013 + Ogq = 014 + Oo3.

5.2 Case Il

By exploiting the symmetries (21, 29, 23, 24) — (21, 22, 24, 23) of Do s and (z1, 22, 23, 24)
(29, 21, 23, 21) of Das, we may divide it into three cases:

13 = Ag3 = 0 or 13 = A14 = 0 or 14 = A3 = 0.

and other elements in each sub-case are non-zero.

5.2.1 Sub-case II.1: ai3 = a3 =0

Solutions for Case I1.1

0

a 0 0 vre

0 b 0 pe

0 0 0 0 ’
re ™ pe”® 0 a+b

where a,b,r, p € R* and 0, ¢ € R satisfying

2 2
T——l—p—:a—l—b.
a b

5.2.2 Sub-case I1.2: a3 =a14 =0

There is no solution in this sub-case.
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5.2.3 Sub-case I1.3: a4 = a3 =0

Solutions for Case I1.3

There are two kinds of solutions. The first kind is

a 0 re? 0

0 b 0 re?
re=" 0 b 0o 1’

0 re”® 0 a

where 0, ¢ € R and a,b,r € R* satisfying (a — b)(ab — r?) = 0.

The second kind is

a 0 re? 0

0 —a 0 re?
re= 0 b 0 ’

0 re @ 0 —b

where a,7 € R* and b, 0, ¢ € R satisfying (a — b)(ab — r?) = 0.

5.3 Case III

By exploiting the symmetries (21, 29, 23, 21) — (21, 22, 24, 23) of Do o and (z1, 22, 23, 24)
(29, 21, 23, 24) of Dao, we may assume that a;3 = a14 = a3 = 0 and agy # 0.

Solutions for Case III
There are two kinds of solutions.

The first kind is

a 0 0 0

0 b 0 Vb2 — a2e?

0 0 a 0 ’
0 Vb2 —a2e ™ 0 b

where a, b, 0 € R satisfying |b| > |a| > 0.
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The second kind is

a—>b 0 0 0
0 b 0 abe?
0 0 0 0 ’
0 abe ™™ 0 a

where a, b, 0 € R satistying ab(a — b) # 0.

5.4 CaselV

There are three solutions:

a 000 a 0 0 0 a 0 00
0 a 00 0 —a 0 0 0 —a 0 0
00 a0} 0 0 a 0| 0 0 0 0]
000 a 0 0 0 —a 0 0 00
where a € R*.
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